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Of 'On extremal conpactifi cations of converpence spaces', a thesis 
submitted in partial fulfilment the requirements ^or the Ph D 
degree by Challa Jagan Mohan Pao to the department of I athematics, 

Indian Institute of Technology, lanpur 

Convergence is one of the important notions in Analysis and ''’opology. 
Beginning with the convergence of s'^quences, various convergences 
are studied in Msthematics The abstract theory of convergence 
originated in the study of certain phenomena in Analysis and it 
was recognized that there are convergences which are non-topological. 
Axiomatic treatment of convorcrence is duf to H P Fischer [4] who 
laid down the foundation fbr an independent study into such 
structures D C Kent [7] studied a slight generalization of 
Limiterung of Fischer This generalized structure knom as convergence 
structure was shown subsequently by Kent to be more complete one from 
the point of view of the lattice of convergence structures 

Our area of interest is corapactification problems of convergence spaces 
Quite some work has already appeared on the compactification theory 
of these spaces In this thesis our main concern is with the 
extremal compactifications of convergence spaces W study 
extremal Hausdorff and regular compactifications, extremal problems 
of Richardson compactification and realcorapactifications Chapter One 
contains a brief summary of the known results that we need xn the 


present thesis 
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Our ovm work begins in Chapter Two, where we study Hausdorff compactifi- 
cations We prive a characterization of the class o£ convergence spaces 
having the smallest Hausdorff compactifications We first construct 
a one-point Hausdorff compactification that always exists, and define 
the concept of local compactness for convergence spaces He show that 
a Hausdorff convergence space has smallest Hausdorff compactification 
if and only if it is locally compact In case the convergence space is 
a locally compact topological space, then the one-point Hausdorff 
compactification so constructed becomes topological and hence coincides 
with the well known Alexandroff one-nomt topological compactification 
We next study the problem of the existence of the largest Hausdorff 
compactification. We show that if a convergence space nas such a 
compactification, it must be locally compact Moreover, a necessary 
and sufficient condition for the existence of the largest Hausdorff 
compactification is that the convergence space has at most finitely 
many non-convergent ultrafilters 

In Chapter Thre° we study Richardson corapactificatior [14]- a Stone-Cech 
type of Hausdorff compactification of a convergence space This has 
the property that every continuous function from the convergence space 
into a regular (regular we mean including Hausdorff) compact convergence 
space has a unique continuous extension to this compactification But, 
in general, Richardson compactification is not necessarily regular 
(and so fails to be the largest regular compactification) and also, the 
regularity requirement of the range space (for extension of continuous 
functions) can not be relaxed m general (and so fails to be the largest 



Ill 


Hausdorff compactification) Under these circumstances, it is natural 
to ask when Richardson compactification is regular or the largest 
Hausdorff compactification These problems are studied in this chapter 
Our results supplement those of R.J, Gazik [ 5 ] 

For convergence spaces, Hausdorff compactifications and regular 
compactifications form two regions of study and their behaviour also 
differs considerably frcin each other. G D Pichardson and D C Kent [15] 
have characterized convergence spaces having regular coii 5 )actifacations, 
and have further shown that such spaces also possess the largest 
regular con^aactifications We continue this study with a characterization 
of convergence spaces having smallest regular compactifications We 
then define an equivalence relation on the class of all regular 
compactifications of a convergence space and show that each equivalence 
class has a smallest and a largest member There is a one to one 
correspondence between these equivalence classes and Hausdorff topological 
conpactifications of the pre-topological modification of the convergence 
space (this modification yielding a Tychonoff topological space) 

In Chapter Five we study m-ultracompactifications of convergence spaces 
m-ultracompactness for Tj^ topological spaces have been defined by 
J van der Slot [16], for an infinite cardinal m -ultracompactness 
is equivalent to compactness and N j-ultracompactness is equivalent to 
realconqjactness for countably compact normal spaces. We extend this 
to convergence spaces We construct a Hausdorff m-ultracon^jactification 
having the extension property of continuous functions to regular m- 

We find conditions under vAiich it is largest 


ultracon|)act space 


Hausdorff and largest regular ul trace n^actification respecinvely 
We also find a condition under vdiich a convergence space has sjnallest 
m -ul tracompac tif icat ion 

Several open problems are mentioned through out the thesis 



INTeODUOTION 


In this j&iesis we deal with convergoace as a primitive notion j 
1 e we study an abstract set in which convergence of filters is 
postulated Such a theory was originally introduced for the study 
of certain non -topological phenomena in Analysis In 1948 
Ohoquet [1] in his study of relations between two non-uniformizable 
topological spaces, was led in a natural way to the concept of 
pseudo -topology on the set of closed subsets of a topological space 
Thereafter Sonner [1?] gave a set of axioms for limit spaces, and 
established polarity between limit spaces and topological spaces 
Kowalsky [11 ] studied the completion problems for such spaces 
A comprehensive exposition of these concepts was given by Fischer [4], 
and this is the foundation of all subsequent studies in this 
direction Kent [7] , [9] studied a slight generalization of the 
Iimiterung of Fischer This generalization known as convergence 
structure was shown by Kent in his further studies to be more 
complete one from point of vew of the lattice of convergence 
structures Some of the examples oi convergence structures, not 
derivable from topological structures are continuous convergence 
on a collection of continuous maps from one topological space to 


another (Cook and Fischer [3] )> almost eveiyishere convergence of 
measurable functions (Taylor [18]), order convergence in a lattice 
(Kent [8]) 
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Our area of interest is compact ification problems of convergence 
spaces Quite some woik has already appeared on compactification 
theory of these spaces Cochran [2] in his Doctoral IDhesis 
constructed a Hausdorff compactification T of a convergence space 
S such that every bounded real valued continuous function from S 
has a unique continuous extension to T yiyler [19] showed that 
for each Hausdorff convergence space Sj there exists a regular 
(regular we mean including Hausdorff) compact convergence space S*j 
and a continuous map j from S to such that every continuous map 
from S into a regular compact convergence space T has a unique 
continuous extension to S*' But, m liais case S is not necessarily 
embedded in S*, and hence S* is not a compactification of S in the 
usual sense Similar extensions were studied by Eamaley [12] , 
Ramaley and Wyler [13] Richardson [14] showed that every Hausdorff 
convergence space S can be densely embedded m a compact Hausdorff 
convergence space (X^,i) such liiat if f is a continuous function 
from S into a regular compact convergence space 1, then there exists 
a unique continuous function h fixim to Y such that h o i = f 
!EhiB compactification is called Richardson compactifioation In. 
general, this compactification is not regular, hence it fails to 
be the largest regular compactification of S Moreover, the 
requirement that the range space be regular (for extension of 
continuous functions) can not be relaxed in general, and so this 
IS not necessarily the largest Hausdorff compactification Shese 
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observations lead to the investigation into the probleias involving 
extremal compactifications of convergence spaces, such as (i) vdiich 
convergence spaces have largest (smallest) Hausdorff compactifications, 
(ii) when is Richardson compactification the largest Hausdorff 
(regular) compactification, (iii) which convergence spaces have 
(extremal) regular compactifications etc In the present work, we 
bring together solutions to liiese and other related problems 

[Hie above remarks suggest the possibility that Hausdorff 
compactifications and regular compactifications constitute two 
separate domains of investigation linked together by the Richardson 
compactification Our study together with those of Richardson and 
Kent [15] oonfums this Itor this veasoxx, we deal with these two 
types of compactifications in two different chapters and a chapter 
dealing Richardson compactification coming in between 

In the first chapter we collect relevant notations, definitions, 
and the known results required in the IThesis Ihe second chapter 
is on Hausdorff compactifications We begin with a characterization 
of the class of convergence spaces haying the smallest Hausdorff 
compactifications This is done through the constrvction of a 
one-point Hausdorff compactification vdi ch always exists, and the 
concept of local ccmpactaeas (a convergence space is locally compdet 
If it is open in each of its Hausdorff compactifications) The 
above mentioned characterization is a convergence space has the 
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smallest Hausdorff compactification if and only if it is locally 
compact In case the convergence space is a locally compact 
topological space the above compactification becomes topological, 
and hence coincides with the well known Alexandroff one-point 
topological compactification We next obtain in this chapter a 
characterization of convergence spaces having the largest Hausdorff 
compactifications We show that such a convergence space is 
necessarily locally compact and hence has the smallest Hausdorff 
compactification In fact we prove that a convergence space has 
the largest Hausdorff compactification if and onlly if it has at ^ 
most finitely many non-convergent ultraf liters , and hence all of 
its Hausdorff compactifications are finite point compactifications 

Chapter !Ehree concerns the Richardson compactification 
Gazik (5 ] has obtained a necessary and sufficient condition that 
the Richardson compactification of a regular convergence space is 
regular (and hence the largest regular compactification) A special 
case of Gazik 's result is the Stone-Gech compactification of a 
Tychonoff topological space We ccntinue Gazik:*s work and obtain 
a necessary and sufficient condition that the Richardson compacti- 
fication of a convergence space is its largest Hausdorff compacti- 
fication Naturally this involves local compactness and some 
condition on non-convergent ultxafilters 
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Chapter Ibur deals with regular compactificatiorjs Eichardson 
and Kent [15] have obtained a characterization of convergence 
spaces having regular compactifioations, and have shown that 
each such convergence space has a largest regular compactification 
We continue this work and obtain a characterization of those 
convergence spaces which have smallest regular compactifxcations 
further we define an equivalence relation on the set of all 
regular compactifications of a convergence space, and show that 
each equivalence class has a smallest member and a largest meanber 
And there is a one to one correspondence between these equivalence 
classes and Hausdorff topological compactifications of the pre- 
topological modification of the convergence space (this modifi- 
cation yielding a Q^ychonoff topological space) Ihis shows that 
regular compactifioatioas of a convergence space are more closely 
related than Hausdorff compactification to the topological case 

Chapter Kive is on mMiltracompactif mat ions m-ultracompaot- 

ness for topological spaces was defined by J vander Slot [l6], 
for an infinite cardinal m jf^-ultracompactness is equivalent 
to compactness Beal compactness and \^^-^tracompactnesB for 
countably compact noimal spaces are equivalent We extend this 
definition to convergence spaces and show that it works well with 
Richardson method of compactification In the first section we 
find condition so 1hat a convergence space may have smallest 


m-ultracompactification and xn sectxon two we construct an m- 
ultracompactifxcation xn a manner sxmxlar to Richardson compactxfx- 
cation ttien we find conditions so that this m-ultracompactification 
may become the largest Hausdorff m-ixltracompactification and largest 
regular m-ultiacompactification respectively Rmally we maition 


some open problems 



CHAPTBa I 


PREUMINABIES 

In this chapter we collect all notations, definitions and 
results that we need in the present thesis Most of the results 
carry reference numbers indicating the place where these have been 
proved Rest of the results whose existence could not be traced 
by us in the literature, are proved here Besides these, Richardson 
compactification [14] and results of Gazik [5] are described 
briefly !Ihis chapter is divided into three section, namely notations, 
definitions and results 

2 Notations 

If S IS a set and x belong to S, then x v/ill denote the 
ultrafilter generated by x, namely (A S | x e A} Pilters on 
S are usually denoted by F, G etc Hie set of all filters by 
p(s) and set of all subsets by P(s) F A G will denote the 
filter whose base is Ce G- I P e F and G e q} If f is a function 
from S to S', then f( F) will denote the filter on S' whose base 
IS {f(p) I P e F} If S IS a subset of some set T, then filters 
on T are given by <t> f ^ etc If every member of intersects S, that 
IS, trace of 4) on S exists, then this trace is denoted by 4> S 
Glie filter <!> H S on S will generate a filter on T -vdiich is denoted 
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by n S]j , when there is no possibility of doubt, the subscript 
T IS dropped We would like to point out that [<J> / i 3]^ ^ <t> 

Similarly if 3 C T and F is a filter on 3, then [F]q, denotes the 
filter on T generated by F Again we note that [Fj^p U 3 = F 

2 Def^n^t^on8 

A convergenoe structure q on a set S is a function from S 
into p(f(s)) satisfying the following conditions 

G1 X belongs to q(x) for each x in S 

02 F belongs to q(x) implies F A x belongs to q(x) for each x in S 

03 F belongs to q(x) and G implies Q belongs to q(x) for each 

X in S 

If F belongs to q(x), we say f q-converges to x ^hen the convergence 
structure on 3 is known, we write F S-converges to x, or simply f 
converges to x when theie is no possibility of doubt A subset A 
of 3 IS said to be open if each ± liter F on 3 which converges to a 
point X in A, contains A A is said to be closed if complement of 
A in S IS open The set of all closed subsets of 3 Is denoted by 
^ ibr a filter F on 3 F h denotes the set of all closed subsets 

of 3 in F A subset B of S is said to be the closure of a subset 

A of 3 If B IB the set of all x in S such that there exists a 

filter F on 3 containing A converging to x Hie closure of A in S 
IS denoted by 0-^^ A Ibr a given filter f on 3, Gi„F is the filter 
which IS generated by {0^^ P | P e F} Sbf* x on 3 we denote by Vg(x) 
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the intersection filter of all filters that converge to x A point 
X in S IS said to be adherenc e point of a filter F on S if there 
exists an ultrafilter G > F such that G converges to x A convergence 
structure is said to be Hausdorff if each filter on S converges at 
most to one point A Hausdorff convergence space is said to be 
regular if F converges to x implies c£g F converges to x If F is an 
ultrafilter on S, then F is said to be w-ultraf liter for an infinite 
cardinal m, if F H Cghas w-intersection property (i e each subcolle- 
ction of closed subsets of F of cardinal < rn has non-empty intersection) 

S IS said to be m -ultrac ompac t if each m-ultrafilter on S converges 
W — ultracompact space is said to be compact Therefore j S is compact 
if and only if eveiy ultrafilter on S converges A function ± from 
a convergence space S to another S' is said to be continuous if a filter 
F on S is S-convergent to x in S, then f(F) is S ' -convergent to f(x) 

A one-to-one bicontinuous function from S to S' is said to be 
isomorphism and S and f(s) are said to be isomorphic^ a subset S of 
a convergence space T is saia to be dense in T if for each x m Tj there 
exists a filter on T converging to x and containing S If S and S' 
denote two convergence spaces on the same set^ we say S is finer than _S_|_ 
(or S' is coarser than S ) ii for each filter f on S, F S-converges to 
X implies F S' -converges to x, and it is denoted by S ^ S' Under this 
ordering it is easily seen that the set of all convergence stiuctures 
of a set IS a complete lattice, where if G(s) is a set of such structures, 


■fciien inf 0(s) and sup 0(s) are given as follows 
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a filter F-inf 0(s) - convergesto x it there exists a convergence 
structure q m g(s) such that F (^—converges to x, 

F-sup 0(s) - converges to x if f q-converges to x for each q in C(s) 
If S IS a Hausdorff convergence space and f a compact Hausdorff 
convergence space and there exists a bicontinuous one to one function 
from S into I &uch that f(s) is dense in T, then T is said to he a 
Hausdorff compactification of S, and is denoted by (J^f ) If (T,f) 
and (I'jg) "fevvo Hausdorff compactifications of S, then we say 
(fjf) IS finer than (T’,g) and denote (!r,f) i (l",g) if there exists 
a continuous function h from T onto T' such that h ° f = g We say 
(T,f ) and (T’,g) are equivalent compactifications of S if 
(ijf) ^ (T’jS) ^ ( 2 !,f) Hausdorff compactification (ll?,f) 

of S IS said to be regular if T is a regular convergence space If S 
is a Hausdorff convergence space and T an n -ultracompact Hausdorff 
space, and f is a bicontinuous one to one function irom S to 1 such 
that f(s) IS dense m T, we say (T,f) is an m -ultracompac t if ic ation 
of S If (T,f) and (T’,g) S’l'® ‘two m- ultracompactifications of S, 
then we write (l,f) 2l(T',g) if there exists a continuous function 
h from 1 into 1' such that h o f = g, and say (T,f) is finer than 
(T*,g) If S is a convergence space such that ^3(2^) converges to x 
for each x, we say S is a pre topological space The finest pre- 
topo logical space on the set S coarser than S is denoted by ttS Bus 
IS defined as F , a filter on S will irS-converge to x in S if and 
only If F ^ called pre topological modification of S 

Similarly the finest topology on the set S coarser than S is called 
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topological modification of S and is denoted by XS XS is 
defined as a filter F on S will XS-converge to x m S if and only 
If F ^Bg(x), where Bg(x) is the filter generated by the sets U 
in Yg(x), which have the property that y belongs to U implies Tj 
belongs to Tg(y) If S is a subset of a convergence space I then 
sub space convergence structure on S is defined as follows a filter 
F on S will S-converge to x in S if and only if [Flu, I-converges to x 

3 BesuZte 

We begin with two simple results of a technical nature We 
will make use of these often without explicit mention 

theorem 11 ^1 ^2 filters on a set S and G is 

an ultrafilter on S such that G > F^ ^2’ ® 2l ^1 ® ^2 

Proof Let be in F^ and such that both P^ and P^ does 

not belong to G Now P^ j P^ belongs to F^ A F^ and therefore to G 
But G is an ultrafilter, hence either P^ or belongs to G Hence 
we get a contradiction 

Theo rem 12 A set S is finite if and only if every ultrafilter 
on S IS a point ultrafilter 

Proof Let S be a finite set and F be an ultrafilter, then S belongs 
to F, hence some {x} for x in S belongs to S, that is, F is s point 

ultrafilter On the other hand if S is infinite then S-complements 


of finite sets in S will constitute a filter base, let F be an 
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ultrafilter foaer than this, then F is not a point ultrafiltsr 

Theorem 1 3 [Fischer [4], Theorem 10, p 278] If S is a pre- 
topological compact convergence space and S* is a Hausdorff convergence 
space such that S* ^S, then S*- = S 

Theorem 1 4 [Fischer [4], Baeorem 13, p 279] If S is a convergence 
space and x belongs to GJt^ A for ACS, then U D A ^4 for every 
U in ■7g(x) 

Theorem 1 5 [Kent [6], lemma 1, p 3] If S is a convergence space, 
then A'' S is S-closed if and only if A is XS-closed if and only if 
A = A 

Theorem 1 6 [Fischer [4], Theorem 15, p 279] If S is a Hausdorff 
convergence space, then for each x in S, {x} is closed 

Theorem 1 7 [Kent [6], Theorem 2, p 5] If S is a compact Hausdorff 

space and A is a closed subset of S, then A is compact 

Theorem 18 [ Kent [6], Theorem 2, p 5 1 If & is a Hausdorff 

convergence space and A is a compact subset of S, then A is closed 
in S 

Theorem 1 9 [Kent [6], Theoron 1 ,p 16 ] let x be in A C S, then 
Yg(x)n A= Y^(x) 

Theorem 1 10 [Kent and Richardson [10], Tbeorau lip 488] A 
convergence space S is minimal Hausdorff if and only if S is a compact 
Hausdorff convergence space such that vdienever eveiy ultrafilter finer 
than F converges to some x on S, then so does F 
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theorem 1 11 [Pischer{4], Eieorem 1, p 283 ] Composxtion of two 

continuous functions is continuous 

Iheorem 1 12 [I'lscher [ 4], Iheoreni 2, p 283 ] Restriction oi a 

continuous function to a subspace is continuous 

Theorem 1 13 [Kent [6], Theorem 4j p 9 ] Continuous image of a 
compact space is compact 

Theorem 1 14 [Pischer [4], Iheorem 5, p 284 ] If f is a continuous 
function from a convergence space S to another S^, then f(c£g A) CC,^f(A), 
for each A S 

Theorem 1 15 [Kent [6], Theorem 2, p 8 ] If f is a continuous 
function from S to then A " S* is S*-closed implies f ^(a) is S- 
closed 

Theorem 1 16 [Kent [9], Corollary to Theoron 1, p 199 ] If f is a 
continuous function from S to S*, then so is f from irS to itS*’ 

Iheorem 1 17 [Kent [7]> Iheorem 4» p 130 J If S is a convergence 
space, then S-closure operator is adempotent if and only if irS is a 
topology 

Theorem 1 18 [Kent and Richardson [10], Theorem 1 9, p 490 ] If 
f is a continuous bisection from a minimal fiausdorfi space into a 
Hausdorff space S*', then f is an isomorphism 

Theorem 1 19 [Fischer [ 4], Theorem 6, p 284 ] If f and g are two 
continuous fi;inctions from S to S* such that f and g agree on a dense 


subset A of S and S*- is Hausdorff, then f = g 
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Prom this theorem we derive the following two results which we will 
use often 

1 20 If S IS a dense subspace of a converges space T IThen 
a continuous function from S into a Hausdorff convergence space S* 
has at the most one extension to I, that is, #ienever such an 
extension exists, it is unique 

Theorem 1 21 let (T^,f^) and Hausdorff compactif acations 

(or w— ultracompactif ications ) of a convergence space S such that each 
IS finer than the other, then the two are equivalent, that is, there 
exists an isomorphism between T^ and such that h o f ^ 

Theorem 1 22 Let S be a convergence space and T^ , T^ be Hausdorff 
convergence spaces and f^ and fg be isomorphisms from S to T^ and Tg 
such that f^(s) and f 2 (s) are dense in T^ and Tg respectively Let 
h be a continuous function from T^ to Tg such that h o Then 

h(f^(s)) = fg(s) and h(T^-f(s)) 1 T^-fg(5), and when h IB an onto 
function then h(T^--f(s)) = Tg - fgCs) 

Proof Dae first property follows from the fact h o To 

prove the second we need only show that h(T^-f^(s)) If h(f^(s)) = ^ 
let = h“^ 0 h(f^(s)), It IS sufficient to show that = f^(s) 

Now f^(s)ir C T^ , is Hausdorff and f^(s) is dense in let g 
be the inverse of the map h restricted to f^(s) and be g o (hls^), 
then restricted to f^(s) is identity and hence g^ is identify from 
to Since g(s^) wf^(s) we have = f^(s) 


15 
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This result we will use in the context of compact if icatio ns (or w- 
ultracompactifications in general) 

Theorem 1 23 [Richardson and Kent [15] > Proposition 1> p 572 ] Hie 
closure operator of a compact regular convergence space is idempotent 

Theorem 1 24 [Richardson and Kent [15], Proposition 3, P 572 ] If 
A IS subspace of a compact regular convergence space, then ttA is 
H ausdorff and topological 

Now we describe Richardson compactification [14], of a Hausdorff 
convergence space S Let be the set of all x for x in S and all 
nonconvergeit ultratilters on S Let i be the mapping from S to 
defined as i(x) =: x Let F be a filter on S, then F is the filter 
on X^ whose base is [p 1 P c F}, where P = {H e | P e f/} 
convergence structure is deiined on the set X^ (and the resulting space 
IS denoted by X^ as follows 
let ({i be a filter on X^ , then 

<p X^ -converges to x if and only if (j) ]► f for some filter F on S 
which S-converges to x 

<p X^ -converges to v if and only if (J, ^v, where v is a nonconvergent 
ultrafilter on S 

The space (x^,i) is the Richardson compactification 

In case X^ consists of all x for x in S and all nonconvergent 


w-ultraf liters on &, then with a convergence structure defined 
BTiae as above is an w-ultracompact space (Chapter Ihve of this 
thesis) 

lie will now give proof of the following tvo results which have been 
proved by Gazik [5] The proofs are valid for both Richardson 
compactification and m-ultzacompactification described above, though 
Gazik dealt only the compactification case 

Let us denote by PS the Richardson compactification (or m-ultra- 
oompactification described above) of S Let i}i be a filter on pS 
If A belongs to iji and f is any function from A to P(s) for which 
f(D) e D for each D e A, we define A(f) = lj{f(D) j L e A} Since (J> 
IS a filter on pS, A(f) for A e i|>, constitute a filter base on S, 
let us denore it bj K( 4 i) the filter generated by this base 

Theorem 1 25 [Gazik [5], Lemma 1, p 2 ] Let (j) be a filter on 

PS, a e pS and 41 pS-converges to a Then k((}i) = a, if a is non- 

convergent and K(<i>) S-converges to x if a = x 

Proof Let a oe nonconvergent If A e a, by definition pS, there 

exists an H e (j) such that H ^ A If f is deiined on R as f(h) = A 

for each h in H, then H(f) =l/{f(h) ]h e H} = A e K(4») Hence 
K( 4 )) ^ a But a is ultrafilter, hoice a = K-(‘ii) Ifa=x, then 

A 

4 ) ^ f for some filter F on S which S-converges to x Hence similar 
to above K(<!)) > a 


Theorem 1 26 [Gazik [53> Lemma 2, p 2] 


If A C S, then 
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Proof let a e and a xs nonconvergent alien there exists 

a niter 4> PS such that A e <J and <]) PS-converges to a Hence 
by aiaeorem 1 25, K(^*) = a, so A(f) e k(iJ)) = a, where f is defined 

**■ A A 

on A by f(h) = A for h e A aiius A = A(f) e a It follows that 

4b A **■ 

a e A, so a e (0 ^(a)) let a = x e 0£.pg(A) Ihcn there is a 

A 

filter 4* on pS such that 4 pS-converges to x and A e 4 

A 

aiieoreiii 1 25, K(4) S-conyerges to x With f defined on A by 
f(h) = A for h £ A, we have a = A(f) e k( 4) Hence x e C-^(a), 
thereiore, x e (C^(a)) 



GHA^T^l II 


On EAUSDOEFF COMP ACTIFI CATIONS 


Xntroduat^an 


Siace eyeiy Hausdorff convergence space has a Hausdurff ooapactif xcation^ 
characterization of the class of Ifeusdorff convergence spaces havmg 
smallest Hausdorff compactilications, or likewise having largest 
Hausdorff compactifications, is of some interest In this chapter we 
investigate such problems Ihrstfy, in section one we obtain a one 
point Hausdorff compactif ication of a convergence space This oompaeti- 
fication always exists witnout needing any additional conditions on 
the underlying convergence space Using this one point compactification, 
we obtain a cnarac fcenzation of the class of convergence spaces which 
possess the smallest Hausdorff compactifications Ihis characterization 
IS in teims of local compactness, a notion that has been defined in this 
section This definition of local compactness which has oeen defined 
in analogy with topological case, is an 'external’ one, in the sense 
that we demand the space to be an open subspace of each of its 
Hausdorff compactifications We do not know any 'internal' characte- 
rization, It has been proposed here as an open problem We also show 
that the one point compactification constructed in this section is 
'proper', in the sense that if we take the underlying convergence 
space to be a localfy compact Hausdorff topological space, then this 
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compactif icatioa becomes topological, and hence coincides with the 
Alexandroff one point compactif ication In section two we obtain 
a characterization of the class of Hausdorff convergence spaces 
which have the largest Hausdorff compactif ications ®or this we 
use the Richardson compact if ic at ion [14] , construction of v/hich 
has been outlined in Chapter One Firstly, we ehof, that any 
convergence space having the largest Hausdorff compactif ication 
IS locally compact in the sense defined in this chapter And 
hence, each such convergence space also possesses the smallest 
Hausdorff compactilication In fact we show that a convergence 
space has the largest Hausdorff compactif ication if and only if 
it has atmost finitely many non-con vergent ultrafilters, as a 
consequence all of its Hausdorff compactilications are finite 
point compactifications 

I Dnatleat Hausdorff Camipaotifi.oai/icn 

In this section our aim is to obtain a characterization of the 
class of Hausdorff convergence spaces which possess the smallest 
Hausdorfi compactifications 

!Ehe one pomt Hausdorff compac tif ic ation 


Let S be a Hausdorff non-compact convergence space ^t I = S U {z}, 
where z does not belong to S We make I a convergence space by 


20 


detming a convergence structure as lollov/s 
let (j) be a filter on S, then 

(j) T-converges to z if and only if <p ^ 'P z , where ^ is any 
filter on T such that iIj A S has no S-adherence points 
<J) IS-converges to x in S ii xnd only it S belongs to d and (|) '’S 
S-converges to x 

Let 1 be tne inclusion map from S into T We will shov/ that 
(T, i) is a Hausdorff compactification of S The fact that T 
is a convergence space is simple to verify let <*> be an ultra- 
filter on T which is T-converging to some x in S and also T- 
converging to z Qiaen, <li > f A z , where ij; is a filter on T 
such that I S has no S-adherence points Since ^ T-converges 
to X in Sj cfi ^ z } therefore 4) > But this is a contradiction 
Hence, T is a Hausdorff convergence space In order to see that 
T IS compact, let 4) be an ultrafilter on T Ii 4> = z ? we are 
through If <p z f then S belongs to ^ Now, ijiHS either S— 
converges to some x in S, or is a non— convergent ultrafilter on 
S In the first case ^ T-converges to x and on the second case 
({) T-converges to z i is obviously a bicontinuous one to one 

function from S into T Since S is a non— compact convergence 
space, it has a non-convergent ultrafilter F denote by 

i|), the filter generated by i(F) on T, then by definition, ifj T- 
converges to z, and hence i(s) is dense in T 
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Local compactness 

Ve give a definition of local comp^^ctQcss for a Hausdorfi 
convergence space v/hich is analogous to the topological case 
#e would like to recall that a lychonoff topological space is 
locally compact if and only ii it is open, as a subspace, in 
each of its Hausdorff topological compactifications 

Definition 21 A Hausdorff convergence space is locally compact 
li and only if it is open, as subspace, in each of its Hausdorff 
c ompac t if 1 C ations 

Open problem Find an internal characterization of local compact 
ness for convergence spaces 

Characterization 


how we are m a position to give a characterization of the class 
of Hausdorff convergence spaces having the smallest Hausdorff 
compactifications 

Lheorem 2 2 A Hausdorff non-compact convergv-nce spac e has the 
smallest Hausdorff c ompac tification if and only if it is locally 


compact 
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Proof Let S be a Hausdorff non-compact locally compact conTtirgence 
space, and (l, i) be ttie one point Hausdorff compactixication oi 
S constructed above We will show that in this case (T, i) is 
the smallest Hausdorff compact if ication of S Let be an 

arbitrary Hausdorff compactification of S Let us define a 
function h from T' onto T as follows 

h(y) = 10 f~\y) , for y in f(s) 

= z , for y in T* - f(s) 

Therefore h is a function such that the following diagram commutes 

T» ^ >T 

r' O 


\ 



S 


We will show that h is a continuous function from T' onto T The 
fact that the function is well defined is obvious Let ij) be a 
filter on T' which is T'-converging to y m f(s) How, S being 

locally compact, f(s) belongs to <!> Hence, f \ ttf(s)) S- 
converges to f \y) Therefore, i o f 4) ijf (s))T-converges to 
1 o f \y) = h(y) Since h((()) = i o f ^((ji (if(s)), we are throu^ 

Hext, let (ji T'-converge to y in T*-f(s) 7/e have the following 

two possibilities (a) the trace of (J) on f(s) does not exist, 
then T'-i(S) belongs to i> ^ hence h(4i) = z vdiich T-converges to 
z = b(y), (b) the trace of (f> on f(s) exists, then ^ C tis) has 
no f(s)-adherence points because cfi T' -converges to y on T'-f(s) 
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and T' is Hausdorff Thereiore, f'V (J> i'f(s)) has no S-adherence 
points, and in turn, i o f ^ ( d }lf(s)) has no i(s)-adjherence points 
But 1 0 f ( (J) t'^(s)) = h( <{> (*)f(s)) = h(<i)) ‘ i(s), hence h(^) T- 
convsrges to z = h(y) Since h o f = i, and the uniqueness of h 
lollov/s from Qlieorem 1 20, we have (T', 1 ) ^ (T,i) 

Next, let S be a non-compact convergence space having the smallest 
Hausdorff compactification let be the smallest Hausdorff 

compactification of S Since, the one point Hausdorfl compact- 
ification (T,i) always exists, we have (T,i) Now, by 

Theorem 1 22, we conclude that (T^ ,g^ ) is a one point compaetifi- 
oation of S Hence, S is open in its smallest Hausdorff compact- 
ification We will now show that S is open an each of its Hausdorff 
compactifications This we do as follows let ^ 

arbitrary Hausdorff compactification of S Since (T^tgg) ^(T^,g^), 
there exists a continuous function h from T^ onto T^ such that 
o g 2 = Now, by Theorem 1 22, h ^(T^-g^(s)) = T^-g^C'S) And 

T^“g-|(s) 18 T^ -closed being a singlton by Theorem 1 6, hence by 
Theorem 1 15, T 2 “g 2 (s) is T 2 -closed, and thus g 2 (s) is open 
implying thereby that S is locally compact This completes the 
proof of the theorem 

Remarks on the one point compac tificatio n 

We note the following two facts, which we obtain by observing Ihe 
proof of the above theorem 
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(a) Thti one point Hausdorff corapactitication (T,i) of a convergence 
space S is coarser than any Hausdorff compactification of S an 
which S IS open This follows from the proof of 'if' part of the 
above theorem This implies, in particular, thctt (T,i) is coaarser 
than any finite point compactification of S On the other hand 

if some Hausdorff compactification (X,f) of S is such that 
(X,f) ^(T,i), then using Theorem 1 22, ont:, can show that S is 
open in X 

Theorem 2 3 A Hausdorff compactification (X,f) ot S is finer 
than the one point Hausdorff compactification (T,i) of S if and 
only if S IS open in X 

(b) If some Hausdorff compactification oi S is coarser than the 
one point Hausdorff compactification (T,i) of S, then it follows 
from the proof of the 'only if' part of the Theorem 2 2, that this 
compactification must be a one point compactification But in 
such a case, as it has been pointed out in (a) above, it must be 
finer than {T,i), and hence by Theorem 1 21, it is equivalent to 
(T,i) 

Theorem 2 4 If some Hausdorff convergence space has the 


smallest Hausdorff compactification, then it must be (T,i) 
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Topological case 

let S be a locally compact (topological sense) Hausdorff topological 
space let us denote by (T'jj) the Alexandroff one point Hausdorff 
topological compactification of S let (T,i) be the one pomt 
Hausdorff compactification (convergt-nce sense) of S as constructed 
earlier Then, by remark (a) aboye (T*,^) ^ (T,i) vow, T' is a 
compact Hausdorff topological space, hence by Theorem 1 10, T' is 
a minimal Hausdorff space in the convergence sense let h be the 
continuous function from T’ onto T such that h o 3 =; i Now, both 
T’ and T being one point compact if ications of S, by Theorem 1 22, h 
IS a continuous bisection from T* onto T Biereiore, by Theorem 
1 18, h IS an isomorphism and hence (T*,;]) = (T,i) 

Theorem 2 5 If S is a locilly compact Hausdorff topological space, 
then (T,i) IS its Aiexandroff one point Hausdorff topological 
Gompac tif 1 C ation 

Now combining Theorem 2 4 and Theorem 2 5, we have the following result 

Theorem 26 If a locally compact Hausdorff topological space has 
a smallest Hausdorff compactification in the convergence sense, 
then this compactification is topological, and in fact is the 
Alexandroff one point compactification 
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2 Largest Eausdorff Compaotif%oat%on 

In this section Vve obtain a characterization of the class of Hausdorff 
convergence spaces which possess the largest Hausdorff compactifications 

Local compactness 

Firstly, we prove that any Hausdorff convergence space having the 
largest Hausdorff compactification is necessarily locally compact, 
and hence also possesses the smallest Hausdorff compactification 

Theorem 2 7 If a Hausdorff convergence space has the largest 
Hausdorff compaotif acation, then it is locally compact 

Proof Let S be a Hausdorff convergence space having the largest 
Hausdorff compactification (X,f) Ijet (T,i) denote the one point 
Hausdorff compactiiication of S constructed in section one ttien 
by Theorem 2 3 , we know that f(s) is open in X How, we will show 
that S is open in each of its Hausdorff compactifications Let 
(X,g) be an arbitrary Hausdorff compactification of S Then 
(X,f) >, (X,g) From Theorem 1 22, we know that if h is the continuous 
function from X onto T such that h o f = g, then h(X-f(s)) = Y-g(s) 
How, f(s) being open, X-f(s) is closed, and by Oheoraii 17, it is 
compact Hence Y-g(s) being a continuous mage of a compact set is 
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compact by Iheorym 1 13 Since Y is Hausdorfi, by [Cheorem 1 8, 
Y”g(s) IS closed} and. thus g(s) is open in Y !Ehis proves S is 
locally compact 

Gharac terization 


Wow we will obtain a characterization of the class of Hausdorff 
convergence spaces having the largest Hausdorff compactifications 

theorem 2 8 A Hausdorfi convergence space S has the largest 
Hausdorff compactification if and only if S has at most iinitely 
many non-convergent ultraf liters 

Proof We first prove the necessary part Hie proof follows in 
the following steps (i) Let (x,i) be the largest Hausdorff 
compactification of S !Eheu, from SSieorem 2 7} we know that S 
is locally compact (ii) Let (X.j,i) be the Richardson compactifi- 
cation of S Then (X,f) >.(x^,i) Let h be the continuous function 
from X onto X.^ , such tnat h o f = i Let us define a map g from 
X.| to X as follows 

g(x) = f(x) } for X in S 

g(v) = lim f(v) } for a non-convergent ultrafilter v on S 

Here lim stands for the unique limit to which the ultrafilter f(v) 
on the compact set X will converge 
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Ihxs function g is well defined ¥e will show thdt g is onto £ 
and IB one to one let y belongs to X, since f(s) is dense in X, 
there exists an ultrafilter <)) on X containing f(s) which X- 
converges to y Now f \ <{i '^f(s)) is a non-convergent ultrafilter 
on S, and hence, is an element of X^-i(s) Therefore, 
g(f "*( (;e(s))) = lim f(f "’( 41 Of(s))) = lim (|> = y Hence, g 

IS onto X Now, h(g(x)) = h(f(x)) = i(x) = x, and 
l3‘(g('v)) = h(lim f(v)) = lim (h(f(T)) = lim i(t) = v Hence g 

IS one to one Now, this function g enables us to identify X 

and X^ as sets Hence, we can consider (X,f) to be consisting 
of the set X^ and f to be defined as f(x) = x from S into X 
(ill) Let us define a new convergence structure on X (and denote 
the new space by X') as follows 
let <() be a filter on X, then 

ifi X '-converges to x if and only if <j> X-converges to x 

4> X' -converges to v if and only if 4 ^ v A i|;, where i{) is an 

ultrafilter on X vdlich X-converges to v 

We obviously see that (X',f ) is a Hausdorff compactification of S 
and that X' ^ X, implying thereby that (x',f) ^ (X,f) But by 
assumption (X,f) ^(X',f) Hence, by Theorem 1 21, (X,f) = (X',f) 
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aad thereby X = X' Erom this we see that a niter (}> on X will X- 

coGverge to v if and only if 41 _> v A ip, viiere 4; is an ultrafilter 

on X vhich X-converges to v (iv) let t be a non-convergent 
ultrafilter on S, then f(v) is an ultraiilter on X, and hence 
must X-converge But f('v) cannot converge to a point in f(s), let 
it converge to some v' in X-f(s) (Qien h 0 f(v) will -converge 

to h(v’ ) Biat IS, i(v) X^-converges to h(v' ) But i(v) X^- 

coGverges to v and X^ is a Hausdorff convergence space, and 
therefore h(v' ) = v Hence, g 0 h(v') = g(v) = v But g 0 h = 
Identity on X , v’ = v Hoyr, f(v) {-converging to v, implies from 
(ill), that f(v) A 41, where i{i is an ultrafilter which X- 
oonverges to v Since f(v) v, we have f(v) = i(j Hhus, to see 
that a filter <}) on X will X-converge to v if and only if 

A f(v) (v) let 4> be an ultrafilter on X containing X-f(s) 

<f> must X-converge, but cannot converge to a point m f(s) because 
S IS locally compact as mentioned in step (1) above, and hence 
f(s) is X-open and <|> contains X-f(s) let X-converge to some v 
in X-f(s) [Ehen as shown in step (iv) above, (j) 5^ v A f(v) Since 
<}> ^ f(v), we conclude that <t> = y Ihat is each ultraiilter on 
X-f(s) IS a point filter and hence by !Bieorem 1 2 , X-f(s) is finite, 
that IS, S has at most finitely many non-convergent ultrafilters 

Next, to prove the sufficiency part, let us assume that S has only 
finitely many non-convergent ultrafilters let us denote by Y, 
the set of all x for x in S and all non-convergent ultrafilters on S 
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Lei; k be a function from S to Y defined as k(x) = x Let us define 
a convergence structure on Y(and denote the resulting space by y) 
as follows 

let (|) be a filter on Y, then 

(f) Y-converges to x if and only if k(s) belongs to ij) and 
k ( <(> f(k(s)) S-converges to x in S 

^ Y-converges to v if and only if <j) ^ v A k(v), for non-convergent 
ultraflit ers v on S 

It 18 easy to veri:^ that Y is a convergence space To see that 
it IS Hausdorff, let cji be an ultrafilter on Y which is simultane- 
ouBly Y-converging to (a) and Xg Then k'’^( (j) ,ik(s)) 5- 
converging to x^ and Xg, but S is Hausdorff, hence x^ = x^, 

(b) X and v, where v is a non-convergent ultrafilter on S Then 

k(s) belongs to (j; and k ^ cji \^(s)) S-converges to x, and 
<Ji ^ V A k(v) This implies <}> v, hence tj) = k(v) But then, 
k ( 4> "\k(s)) = V, which is a non-convergent ultrafilter on S, 
hence a contradiction, (c) v^ and Vg, where v^ and Vg are two 
non-convergent ultrafilters on S Glien (j> ^ v^ A k(v^ ) and 
<}) >^ Vg A k(v2) If v^ Vg, then (t> and ij> / Vg, this implies 

that ^ = k(v^ ) and (fi = k(v2) But then, by definition of k, we 
see v^ = Vg, a contradiction To see that Y is compact, let ^ be 
an ultrafilter on Y If Y-k(s) belongs to <}), then since Y-k(s) is 
finite, by Theorem 1 2, is a point filter fbr some point in Y-k(s), 
and hence convergent If k(s) belongs to (|) , then (a) if 


k (<J> rik(s)) S-<;onverges to some x xn S, thai by definition iji Y- 
converges to x, (b) if k~ ( 4) Uk(s)) is non-convergent on S, 
then this being an ultrafilter, ^ vail Y-converge to k’'''( (ji ilk(s)) 
by definition Obviously the function k is a bicontinuous one to 
one function from S into Y k(s) is dense in Y, because lor v in 
Y-k(s), k(v) contains k(s) and Y-converges to v by definition 
therefore, we find that (Y,k) is a Hausdorff compactiiication of S 
Now, we will show that (Y,k) is the largest Hausdorff compactificatio 
of S To show this we will prove that if Z is a compact Hausdorff 
convergence space and s is a continuous function from S into Z, 
then this function s can be extended to a unique continuous function 
from Y onto the closure of s(s) in Z ibr this, let us define a 
function t from Y to Z as follows 

t(x) = s(x) , for X in S 

t(v) = lim s(v) , for v in Y-k(s) 

t 

Y - 

\ 

\ / 

k s 

\ 

s 

Now, we can verify that t is a well defined function onto the 
closure of s(s) in Z such that t o k = s To see that t is 
continuous, let 4' he a filter on Y vtoich Y-converges to x Eien, 
by definition k(s) belongs to 4i and k ( i}* S-converges to x 

Hence, s o k”^ ( (|) rik(s)) Z-converges to s(x), and hence, t(<|>) Z- 
converges to t(x) let 4> Y-converges to v for some non-convergent 
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ultrafxlter v on S, then (Ji ^ v A ic(v), and thereiore, ^ t(Y A k(T)) 

= t(v) At o kCv) = t{v) A s(v), which Z-converges to t(T), and hence, 
tC'^i) Z-converges to t(T) Now, uniqueness of the fiinction t follows 
from llheorem 1 20 Ihis completes the proof of the theorem 


CEaIO?ER III 


Oil? THE EIChARDSON CCMPACTIFICATION 


IntroduGtton 

Richardson constructed a compactification of a convergence 
space in [ 14 ] This was out lined in Chapter One This is a 
Hausdorff compactification, showing also that eveiy Hausdorff 
convergence space has a Hausdorff compactification This compacti- 
fication has the following property let S be a Hausdorff convergence 
space and (x^ , i) be its Richardson compactification Let f be 
a continuous function from S into a regular compact convergence 
space y Then, there exists a continuous function h from onto 
the closure of f(s) in Y such that hoi = f 





S 


How, we note the following two things (a) (x^ , i) is, in general, 
not regular, and therefore, fails to be the largest regular 
compactification of S, (b) the regularity requirement on the 
convergence space Y cannot be relaxed, and therefore, (X^ , i) 


fails to be the largest Hausdorff coiupactificatiori of S 

Kiese observations make us study Hausdorff as 
well as regular compactifications of convergence spaces va.1ii 
Richardson compactification appearing in both In Ihe domain of 
regular compactifications, the problem is under what additional 
conditions, will , i) become regular, and thereby, the largest 
regular compactification This problem has been solved by 
Gazik in [ 5 ] > where he has obtained a necessary and sufficient 
condition for (X^, i) to be regular This condition is in terms 
of some requirement on non-convergent ultraf liters on the underlying 
convergence space He has further shown that his condition is 
also both necessdiy and sufficient for the Richardson compactification 
of a lychonoff topological space may become topological, and 
thereby, coincide with the Stone-Cech compactification In section 
one of this chapter we mention Gazik's results without proof Hext, 
in the domain of Hausdorfl compactifications, the problem is, to 
characterize the class of Hausdorff convergence spaces for which the 
Richardson compactification becomes the largest Hausdorff compactiiication 
In section two we obtain such a characterization This characterization 
IS in terms of local compactness as defined in the previous chapter 
and some condition on non-convergent ultrafilters on the underlying 


convergence space 
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1 As The Largest ReguZar Convpaot'if'ioatvon 

Let S be a regular convergence space Let us denote by 

r(s) its Richardson conipdctifi cation Lhen Gazik [5] has proved 

the following result 

3 1 r(s) is regular if and only if v = Cl(v), for each 
non-convergent ultrafilter v on S 

Here Cl(v) denotes the filter whose base is Cl(v) for V in v, 
where closure has been taken in S 

If S IS a principal convergence space, then, by construction, 
R(s) is also principal Oherefore, if r(s) is regular, then by 
Iheoreai 1 23, Bieorem 1 17 and Iheorem 1 24, R(s) is a compact 
Hausdorff tcpological space, and hence, S is a lychonoff topological 
space If s IS a lychonoff topological space, and v = Gl(v) for 
every non-convergent ultrafilter v on S, then as argued above, 

R(3) IS a topological compactifi cation of S iind hence, by virtue 
of its property uo regard to the extension of continuous functions, 
we see that r(s) = 6 (s), where 6 (s) is the Stone-Cech compacti- 
fication of S On the other hand, if S is a I^chonoff topological 

space, and r(s) = 5 (s), then r(s) is regular, and hence, v = C1 (y) 
for every non-convergent ultrafilter v on S, by Theorem 3 1 above 
Hie following result is due to Gazik [5] 
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Theorem 5 2 Ir S is a ^ychonoff topological space, ihen 
r(s)= B(s) if and only if v = Cl(v) for eveiy non-convergent 
ultrafilter v on S 

2 As The Largest Hansdorff Compaiit%fioat'im 

In this section we will obtain a necessaiy and sufficient 
condition thatthe Richardson compactification be the largest 
Hausdorff r aompactification of 1iie underlying convergence space 

Charac ter ization 


Theorem 5 3 If S is a Hausdorff convergence space, then the 
Richardson compactification (x^ , i) oi S is the largest Hausdorff 
compactification of S if and only if the lollowing two conditions 
are satisfied 

(a) S is locally compact, 

(b) ; = vAi(v), lor each non-convergent ultrufiltbr v on S 

ifoof, Iiet (X^, t) ba the largest Hausdorff caapactif ication 

of S Then, by Theorem 2 7, S is locally compact Let us define 

a new convergence structure on ( QJ^d denote liie resulting new 
space by X^) as follows 
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let i|> be a filter on then 

i> Xg-convergences to x if and only if <{) 

~ converges to x, 

^ and only if (j) * v A i{) ^ where i|) is an 
ultrafilter on X^ which X^ -converges to v 

It is easy to see that (x^j l) is a Hausdorff compactif acation 
of S and (x^j i) ^(x^j i) B.it by assumption (x^,i) ^(x^ji)? 
hence by (Theorem 1 21, (x^, i) = (x^, i) and therefore, X^* X^ 

Qhis implaes that a filter (|) on X^ will X^-converge to v in 
X^- i(s) if and only if A. i{) , where 'll is an ultrafilter 

, . A 

which X^-converges to v Again, we know i(v; >_ v, and hence 
i('v) >_ V A But i(v) is an ultrafilter on X^ and i(v) ^ v , 

hence i(v) =* t}» Since v X^-converges to v, we conclude that 
V 51^ A i(v) But on the other hand v > v and therefore, 
vAi(v) > V Thus we have shorn that v = vAi(v) 

Next, to prove that the two conditions are also sufficient, 
we will show that under these conditions every eondinuous function 
k from S into a compact Hausdorff convergence apace Y has a 
unique continuous extension f from X^ onto the closure of 
k(s) in Y, such that foi = k 
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f 

\ 

\ S 

Let us define a function f from to Y as follows 

f(x) =» k(x) f for X in S 

f(T) = lim k(v) i for non-convergent ultrafilter v on S 

Now, it IS easy to see that f is a well defined function onto 
the closure of k(s) in Y such that foi = k We will show 
that f IS continuous Let ip be a filter on which 

X^~ converges to x Ihen, oondition (a) implies that i(s) 

belongs to 4> , and therefore, i \<f>rb.(s)) S-converges to x 
Hence, koi "'(<{' ru-(s)) Y-convergee to k(x) Ihat is f((p) 
Y-converges to f(x) Let X^-«coa verge to v iEhen i}i ^v, 

and condition (b) implies thcit A i(v) iHierefore, 

f(^) t.f(’vAi(v)) = f(v)Afoi(v) = f(v)Ak(v), which implies 
y-converges to f(v) Hierefore, f is continuous, and 
since, uniqueness follows from Iheoran 1 20, this completes the 
proof of the theorem 

Remark 



If a Hausdorff convergence space S has the largest 
Hausdorff compactification L(s), then by OUeorem 2 8, S has 
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only finitely many non~eonvergeat ultrafilters Oliai the 
Hausdorff compactifi cation (Y,k) of S construoted in the 
proof of the Theorem 2 8, is the largest Havisdorff eompaotification 
of S, and hence, I/(s) = (Y,k) How, since (y,k) has the 
property that every continuous function from S into a compact 
Ifeusdorff space has a unique extension to Y, so does Ii(s) On 
the other hand, if some Hausdorff compactification of S has 
this property of extension of continuous functions, then it is 
obviousely the largest Hausdorff compactification of S Hence, 
the largest Hausdorff coapactification is clsracterized by this 
property !Iherefore, whenever the Richardson compactification 
IS the largest Hausdorff compactificatioa of S, this compacti- 
fication IS characterized by the property of extension of continuous 


functions 


GHAPIiuR IV 


ON REGULAR CaiPACTIFICATIONS 


Introduatum. 


In this chapter we study legular c cmpactifications of 
convergence spaces In the last chapter we have seen a condition 
under vdiich the Richardson compactificationof convergence space 
becomes regular But the more pertinent question is to characte- 
rize the class of convergence spaces which possess regular 
compactifications Such a characterization has been obtained 
by Richardson and Kent [15] nieir condition is on terms of 
pretopo logical modification of the convergence space Ihey have 
shown that if a convergence space has a regular compactification, 
then its pretopo logical modification is a lychonoff topological 
space, and corresponding to each Hausdorff topological compactification 
of this lychonoff space, we can construct one regular compactification 
of the convv-rgence space They have further shown that the regular 
compactification corresponding to Stone-Cech compactification of 
the ^lychonoff space is in fact the largest regular compactification 
Hence, each convergence space having regular compactifications, 
also possesses the largest regular compactification In section 
one of this chapter we mention the results of Richardson and, Kent 
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without proof In section two we investigate the problem of the 
smallest regular compact if in at ion We prove thj,t a convergence 

space possessing regular compactifi cations has the smallest 
regular eompactification if and onlj^ if its pre topological 
modification is a locally compact topological sipace We also 
define an equivalence relation on the class of all regular 
eompactification s of a convergence space, and show that each 
equivalence class has a largest manber and a smallest member 
Ih.ch of this equivalence class, in fact, corresponds to a Hausdorff 
topological eompactification of the pretopological modification of 
the convergence space, and the largest member of this equivalence 
class IS the one obtained by Richardson and Kent 

1 Largest Regular Canpaotlf^oai:^on 

Richardson and Kent [15] have shovaa ihat the closure 
operator of a compact regular convergence space S is laempotent 
(iheorem 1 23), and hence, by Iheorem 1 17, the pretopological 
modification of S is, in fact, the topological modification of 
S further they have shown that in this case the pretopological 
modification of S is also Hausdorff (HJheorem 1 24) Hhis leads 
to the following result 

Iheorem 4 1 If (T,f) is a regular eompactification of S, 
then (irT, f) is a Hausdorff topological eompactification of nS 


The maaja results of Richardson and Kent are the following 

Theorem 4 2 A regular convergence space has regular compacti- 
fxcation If and only ff frS is a completely regular topological 
space, and each ultrafilter which is fi.ner than the nei^bourhood 
filter at x S-converges to x for all x in S 


Theorem 4 3 If a convergence space has a regular compactification, 
then it has a Stone-Cech regular compactification 


2 Smallest Regulax* Compacts f^oatvcn 

In this section we will obtain a characterization of the 
class of convergence spaces which possess smallest regular 
oompactifications 

Relation between the oompactifications of S and ffS 


We call a regular convergence space having regular 
compactifications ■=is E-convergence space In this section S 
will always denote an R-convergence space If (Pjg) is a 
regular compactification of S, then as mentioned in Gheorem 4 1, 
( TfP, g) is a Hausdorff topological compactification of irS 
Let K denote the set of all regular convergence structures y 
on p which satisfy the Jb Hewing two conditions 
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(a) Y coincides with ttP relative to ultrafilter 
convergence, 

(b) if s(s) belongs to a filter on P, then 4> Y~converges 

to y in g(s) If and only If ( i g( S ) ) S-converges 

to g "’(y) 

These two conditions are consistent, because, S being 
an R~convergence space, every ultrafilter finer than the neighbour- 
hood filter at x S-converges to x for all x in S Let us 
denote by and P^ the convergence spaces consisting of the 

set P equipped with the inf and sup of convergence structures 
in K respectively bow, it is easy to see that 
(P^tS) regular compactilications of S SUrther, ttP^ = 

ffp = Trp, and P. P > P On the other hand, if P' is a 
regular convergence space such that P-j ''f P^ - 

trp » = (pSs) ^ regular compactification of S 

Por the rest of the section (P^,g) and (P^,g) will stand for the 
regular compactifications of S as obtained here for a given 
regular compactification (P,g) of S 


On (T^, f) 


If (ir,f) is a Hausdorff topological compactification of 
the Oyohonof f space if S, then Richardson and Kent [15] have 
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constructed a regular compactrficatxon of S % 

constructxon I = and is lilt; finest regular convergence 

space on the set 1 satisfying the two conditions (a) and (b) 
above for y and vP replaced by and T respectively 

Now, we prove the following result 

Iheo rem 4 4 If (ijg) is a regular compactification of S 
and (ijf ) ^ (■'’■!)§) as Hausdorff topological compactifications 
of irS, then aa regular compactifications of S 

Proof Let h be the continuous function from T onto it P 
such that hof = g 



We will show that h is a continuous function from onto 1 

If not, there exists a filter on T such thtd: 

I^-converges to some point x^ in T, but h(<J>^) does not 
P-converge to h(x^ ) We define a new convergence structure 
on tile set T ( and denote the resulting space by Ip as follows 



4S 


let (p be a filter on T, then 

-converges to y in T if and only if 

(i)T|-con, verges to y, 

—converge to if and only if ^ converges 

to x^ and h((|)) P-converges to h(x^ ) 

Now, implies that Tj is Hausdorff lb see 

that T’ coincides with (and hence with T) relative to 

ultrafilter convergence, we proceed as follows Since T’ > T^, 
we need only prove that if an ultrafilter (jj on T is 
-convergent to y, then (|) is T’-convergent to y If 
y / x^, by definition of this is true If y a x^ , then 

(ji I ^-converges to x^ implits (|) T-converges to x^ , because 

and T coincide relative to ultraf liter convergence Since h 
is a continuous function from 3? to irP, h((j) irp-converges 
to h(x^ ) Now P both P and ttP are compact, 

Hausdorff sp ices, and therefore P and irP coincide relative 
to ultrafilter convergence Since h(4i) is ja ultrafilter on P, 
we see th-it h(<j)) P-converges to h(x^ ) Iherefore, by definition 
<{) Tj - converges to x^ Phis condition further implies that the 
closure operators of ®-J > ^ same We show that 

Tj is regular as folio v® (i) if a filter (|> on I is 
-convergent to y ^ x^, then <{> is -convergent to y, 
since I. is regular, Clj -converges to’ y But -closure 

I 
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xs same dS T' -closure, hence G1 , 4 . T’-converges to y by 

1 ^ 

definition, ( 11 ) if <j) Tj-converges to x^, then <j) T^-converges 
to , and since is regular, 01 ^ T^-converges to x^, 

hence Gl^, (f -converges to x^ Also h((j) P-oonverges to 
h(x^ ), implies 01^ h(4)) P-converges to h(x^ ) Jis pointed out 
above P and ttP coincide relative to ultrafilter convergence, 
and hence, have same closure operators Iherefore, 

P-converges to h(x^ ) Since h is continous from T to it p, 
Theorem 1 14 gives that h(Clj 4 ) L ) Therefore, 

h(Glj,(|i) P-converges to h(x^ ) Tbit is, h(Gl^,4 ) P-converges 
to h(x^ ) Hence, by definition Cl^, 4 T^ -converges to x^ 

Ihat IS, Tj IS regular Next, let f(s) belongs to a filter b 
on T, then b T^' -converges to some y in f(S) if and only if 
f~ (<!)nf(s)} S-Gonverges to f (y) To see this, we note that 
If f(S) belongs to b and b T^’ -converges to y in i(s), 
then b T^-converges to y in f(s), and by virtue of properly 
(a) of T^ , we know tbut f \brif(s)) S-converges to f (y ) 

On the other huad if f*"' (bpfCs)) S-converges f "’ey), then 


again by the same property, b T^-converges to y And also 
gof ^(bHfCs)) P-converges to gof ^(y)j because (P,g) is a 
compactification of S !Ihat is h(b) P-converges to h(y) 
Hence, b T^'-converges to y Therefore, we see that T^’ is 
a regular convergence space on the set T satisfying the iwo 
conditions (a) and (b) for Y and irP replaced by T^' and T 
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respeotiTe^ir Alao Ij > T, but this is a contradiction of 
the fact that IS the finest such convergence structure on 

the set T Hence, h is a continuous function from f, onto 
I such that hofag that IS, (I,,f)l(r,g) IS regular 
compaotifioatlous of S fhis completes Hie proof of the theorem 

Ihe result of Richardson and Kent 


If (ijf) is the Stone-Cech compactificatioa of the 
!tychonoff apace ttS, and xf (P,g) is a regular compactification 
of S, then (ijf) ^(irPjg) as topological compactifications 
of irS Hence, by Theorem 4 4 (T^,f) ^ (p,g) as regul r compacti- 
fications of S This implies iliat (T^,f) is 1he largest 

regular compactification of S Hence, each E-convergence space 
has a Stone-Cech regular compactification 

On (T^,f) 


Let us denote by T^ the convergence space consisting 
of the set T equipped with the inf of all regular convergence 
structures y I satis:^ing the two conditions (a) and (b) 
above for ttP replaced by T Baen as pointed out above (T^jf) 
is a regular compactification of S such that ’'fT^ = = T 

Below we give an alternative description of T^ 
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[Pheorem 4 5 finast convergence sp^^ce on the set T 

haying thu following properties 

(i) If y does not belong to f(s), then Vj(y) -converges 

to y, 

(ii) If y belongs to f(s) and trace of Vj(y) on !r-f(s) 

exists, tien Cl^ <{) A[ V^(y ) } < (f-f (S)) ] -converges to y, 

where f(s) belongs to the filter d on T and 

— 1 -.*1 

f (‘r>il f(s)) S-con verges to f (y) 

(ill) if y belongs to f(s) and trace of V^(y) on T-f(s) 

does not exist, liien 01^, I^-converges to y, where 

mm'A 

f(s) belongs to the filter 41 on 1 and f (i{)nf(s)) 
S-converges to f \y) 

Proof The proof follows in two steps, firstly we will show that 
satisfies the conditions (1), (11) and (in) of the theorem, 
and secondly that is 1 iie finest such convergence space We 

see th it condition (111) is satisfied by by construction 

Suppose does not satisfy the condition (1), that is, there 

exists a point y^ in T-f(s) such that Vj(y^) does not 

converge to y Hien let us define a new convergence structure 
on t( and denote it by T^) follows 

let (j) be a filter on I, Ihoa 

4)11^ -converges to x if and only if ^ 

T^-oonverges to x, 

(j) T^ -con verges to y^ If and only if 4 > 
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Ihen obviously We see that if 4 is an 

ultrafilter T^-Kjonverging to y^, then c;, ^ Vj(y^), and therefore, 

b T-convergcs to y Hence, we c-n verify that T' coincide 

with (and therefore with t) relative to ultrafilter convergence 

This implies that T^ is Hausdorfi cind closure operators of T^ , 

T^ and T are the Sctme Now, let a filter d T^-converges to y^ 

implies and therefore d T-converges to y , and 

\ 

therefore, 01^ d ^-converges to y^, th. t implies OljdiJjCyQ), 

therefore 01^, d iLV'j(yQ)» hence, Gl^, d T^-converges to y^ 

0 0 

This shows that T^ is regular Since y^ does not belong to 

f(s), we see th it T^ satisfies the conditions (a) and (b) above 

for Y and ttP replaced by T^ and T respectively Since 

T^ > T^, and T^ is the coarsest convergence space satisfying 

these conditions, we got a contradiction Hence, T^ satisfies 

condition (i) of the theorem Next, suppose T^ does not satis:^?- 

the condition (ii) Then there exists a point y^ in f(s) and 

a filter d on T such that f(s) belongs to d„ and 
0 ^ 

f lf(s)) S-convcrges to f ^{ 7^)1 and V^(yQ ) 0 (T-f(s)) 

exists, but Cl^ |'>(T-f(s))] does not T^ -converge 

to y let us define a new convergence structure on the set T 
0 

(and denote it by ) as follows 

lot d be a niter on T, then 

dT^ -con verges to y 7^ y^ af only it d 

T^- converges to y, 
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AT '-converges to y 
0 ^ 

AT -converges to y 
T Q o 


if and only if either 
or (j) > cij a^a [Vy^) n (ir-f(s)) ] 


It IS staple to soo that is a convergence space, for 

this we need only note that Aq ^-converges to y^ and therefore 
V > 01 A ly construction T > T' To prove that 

J g — T ^O U O 

T '-coincides with T (and therefore with T) relative to 
0 ° 

ultrafilter convergence, we need only note that I y^Cy^) A 
(T-f(s)) 1 !LVj(yo)> and hence [V^Cy^ ) A (T-f(s)) ] T-converges 
to y This implies that T^ is Hausdorff and closure 
operators o± T’ , T^ and T are same Ohis in turn mpUes 

that T^ IS regular, because 01^ A^A [^^(yQ ) A (T-f(s))] is a 
T-closed filter on T Bo see that satisfies conditioh (b) 

above for Y and uP replaced by and T respectivefy , we 

need only show thit if f(s) belongs to A and A 1 Cl^ A^ A 
[Y^(y )i] (T-f(s))] , then f"”'(A\\f(s)) SKJonverges to f (y^) 
lot A' be in ultrafilter on T such that A' 1 A Since 
f(s) belongs to A’> [^^(yo)'* (T-f(s))] 

Hence A' L Gl^ A^ This implies A i Clj A, ^fow , 


f-^A^W f(s)) S-converges to i "'(yg) *5*0 

to y°. and T is tegular, therefore 01, Ag T^-oonvergea to y, 
0 ’ 0 . . 


Hence, A T^ -converges to y^ 


Thus T’ satisfies the conditions 
0 


(a) and (b) above for y and liP replaced by and 

respeotfvely and also ^ Ibis gives a contmdiclmn 

because I Is tbe coarsest such spans Iherah.ie, T„ satisf^s 
0 


« \ 


I 
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condition (ii) of the theorem Next, we will show thdt if some 

comA-rgtnce space on T satisfies conditions (i), (ii) and 

(ill) of the theorem, than ^ Let a filter (j) on T is 

T^-convergent to j not in f(S) Then T being prctopological 

modification of T-converges to y, and therefore (Ji ^V^Cy) 

Hence, by condition (i) <}) T^-converges to y let b T^-con-verges 

to y in f(s), and let (A^ ) f(s) belongs to b and 
*1 *1 

f'’\b(lf(s)) S-converges to f (y), then b T^-converges to y by 
condition (ii) or (iii) according as Vj(y)ll (T-f(S)) exists 
or not} (A^) If T-f(s) belongs to b , then \\ (T-f(s)) 

exists and b l[Vj(y)U (T-f(s))] Hence, by condition (li) 
b T^-converges to y, (A^) if neither f(s) nor T-f(s) belongs 
to b > fhen ¥^( 7 ) 1 ^ (T-f(s)) does exist Let b^=[bnf(s)3 
and bg = [bll(T-f(s))] Ihen, b= b-, A bg Now, f(s) 
belongs to i b , therefore b^ -converges to y and hence 
f*”V b^ n f(^)) S-Gonverges to f "'ey) And !r-f(S) belongs to 
bg 1 < iVj(y), therefore, b^i t Vj(y)/1 (!r-f(s))3 Hence, by 
condition (ii) b -converges to y IQius we conclude that 
IB the finest convergence space on T satisfying ( 1 ), ( 11 ) (m) 

This completes the proof of the theorem 

Now using Theorem 4 5 , we will prove a theorem for (i^Q^f) which 
is analogous to Theorem 4 4 for (T^>f) 

I JSI» ““ VMMW 

NT K/ f'-FUr 
CEHWAl L!5P 


Acc. Nb i 425-15 
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^ ^ (^>g) is a regular compactifxcation of S and 

(uEj^) i® Hiusdorff liopological compactifxcatioas of ffSj 

then (P,g) L(TQ,i) as regular compactxfications of S 

Proof Let h be the continuous function from ttP onto T 

such that hog = f We will show that h is continuous from 

P onto I 
0 


h. li 

TTP y y p p y p 

0 



Let b be i filter on P which P-con verges to some y not in 
g(s) Then v irP-converges to y, and hence, h((;) ) T-converges 
to h(y) and this implii-s that h((;)) ^Vp(h(y)) low by 
Theorem 1 22, h(y) does not belong to f(s), and therefore, by 
condition (i) of Theorem 4 5> h(4) T^ -converges to h(y ) low, 

let i]) P-oonverge to y in g(s) dhen, (a^ ) if g(s) belongs 
to (!) , then this implies g \({ii( g(s)) S-converges to g (y) 

This implies, fog-^c}) Q g(s)) = h((|)) T^ -converges to fog ^(y) 

“ li(y)> (Ag) if g(s) does not belong to ^ , let [4>n(P-'g(s))] 

and if the trace of <!) on g(s) also exists, then 
!Ihen, ^ s= <{)^ A (Jg Since <{> P-converges to y, h((!)) > Vj(h(y)) 

By Theorem 1 22, since g(s) does not belong to (!> , f(s) does not 
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belong to h(A) Hence V^(h(y))f| (T-f(s)) exists low, 

^ whicH P-convttrges to y implies h(!})^) T-converges to 

h(y) Ihis implies, 1 V^(h (y )) Since P-g(s) belongs 

to > T-f(s) belongs to h( ) by Theorem 1 22 again Hence, 

) L [\(ii(y )) S ^Iso, g(s) belongs to 

Hence P-convorges to y, this implii-s g g(s)) S-converges 

"1 '^"1 

to g~ (y) implies fog g(s)) T^-conrerges to 

fog“'''(y) Hence, h(ij) 2 ) T^-converges to h(y) Again, by 
Theorem 1 22, f(&) belongs to ^(< 2 ) Hence, we see th^-t 

h{(?) Ah(<!)2) (T-f(s))] Aci^(h{<^2)) 

by condition (ii) of Theorem 4 5, h(d) T^ -converges to h(y) 
Henco, h is continuous from P onto T^ and hog = f Th* re fore, 
(p,g) ^(T^,f) This completes the proof 


Oharact'-rization 


If ttS is i locally compact Hausdorff topological space 
and (T,f) is the Alexandroff one point Hausdorff topological 
compactification of ttS, then from 'Iheorem 4 6, w. find that, 
if (P,g) is a regular comp Hctification of S, then ( ffPjg) 

ShH therefore, (P,g) smallest 

regular oomptJotification of S On the other hand, if S has tiie 
smallest regular oompaotification say (P,g)j then we will show 
that ( 7 rP,g) is the smallest Hausdorff topological compactifxcation 
of the Oyohonoff space ttS, and hence, ttS is a locally compact 




i I 

if. ^ 


1 
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Hausdorff topologLCdl space Let (T,f) be an arbitraiy 
Hausdorff topological caiipictif ication of ttS let 
be the Richirdson-Kent regular compactificatioa of S, corresponding 
to (T,f) of ttS Then, (T^,f)^(r,g) Let h be the 
continuous function from onto P such tint h«>f = g Then, 

from Theorem 1 16, h is continuous from irT^ onto itP But 
TT T^ = T, hence (T,f) p,g) 

This leads us to our main result 


Theorem 4 7 If S is an R-convergence space, thai S has the 

smallest regular comp xct if i cation if and only if irS Is a locally 
compact Hausdorfl topological space 

Equlvaluioe classes 

We will deiinc. un equivalence relation on the set of all 
regular comp vc fcif ocations of an R-convergence space , as follows 
if (P,g) <and (Q,f ) are two regular compactific-.tions of S, 
then (Pjg) (Q>f) if and only if (^»g) = ( '"Qjf) 

Hausdorfl topological compictifications of the lychonoff space irS 
This gives ua liie following result 

Theorem 4»8 If S is an R-convergence space, then each 

equivalence class of regular ocmpactifications of S, has a 
largest member and a smallest membej? 


55 


r££££ Let (p,g) ^ ^ 

we need onJy show that (p s') /, s 

^1’®^ = (Q^,±) 

First of thesu fellows from Oheorem 4 4 
Theorom 4 6 


1 — ^ L Lq and 
■ifid ihe second 


«1 itiiQo' 

from 


/ 



CHAPTER ¥ 


Oil/ m-VLTMCOWACTiriCATIOB S 


Intro duot-hon 

In thi^ chapbcr our aam is to introduce m-ultracompactification 
ittiis ifc> a generalisation of the Richardson eompactification We use 
Richardson's technique to construct the w-^tracompactification 
rrf-ultracompactness for T^ topological spaces have been defined by 
j van der Slot [16] , for an infinite cardinal m \^-ultracompactU8SS 

IS equivalent to compactness Eealcompactness and ^ -ultracompact - 

ness for countably compact normal spaces are equivalent Biie definition 
is suitable for extension to convergence spaces and wo lies well wiih 
Richardson mebliod ol eompactification In the first section we find 
condition for a convergence space to have smallest Hausdorff m-ultra- 
oompactification In section two we construct a Hausdorff ro-ultracompacti- 
fication in a manuor analogous to Richardson eompactification We 
show that if 1 IS Lhe convergence space and pS the Hausdorff 
m-ultracompac'iiicalion and f is a continuous function from S into 
a Hausdorff regular m -compact space, then f has a unique continuous 
extension to pS Then we find conditions under which pS becomes 
the largest Hausdorff (regular) m-ultracompac tification of S When 
S is a 'jychonoff topological space, we do not know condition under 
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which pS becomes topologaxjal It is mentioned here as an open 
problem Two more open problems are also mentioned 

1 Smallest Hausdorff ri-ultraoanpaotvfroatnon 

In this section we characterii^B the class d Hausdorfx 
convergence spaces having smallest m-ultracompac fcification V/e 
first note that compact spaces are -ultracompact for each 
infinite cardinal m Hence each Hausdorff convergence space 

has a one point Hausdorff m~ultracompactification (the one point 
Hausdorff compnc iitication constructed in Chapter One will serve 
the purpose) 

Local m -ultr tcompaotnesa 

Leiinition 5 1 A Hausdorff convergence space S is locally 
m~ultrioompact if and only if it is open in each of its Hausdorff 
m-ultrac ompac tii iou b ions 

Charao teriza bion 


theorem 5 2 A Hausdorff convergence space has smallest Hausdorff 
rrt-ultracompaotiiioation if and only if S is locally m-ultracompact 
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which pS becomes topological It is meationed here as an open 
problem Two more open problems are also mentioned 

1 Smallest Hausdorff n-ultvaac^ppaotvf■^.aat^on 

In this section we characterize the class of Hausdorfx 
convergence spaces having smallest m-ultracompac bification Vfe 
first note that compact spaces are ^-ultracompaet for each 
infinite cardinal w Hence each Hausdorff convergence space 

has a one point Hausdorff m-ultracompactification (the one point 
Hausdorff compac title ation constructed m Chapter One will serve 
the purpose ) 

local ?w -ultracompac tness 

Definition 51 A Hausdorff convergence space S is locally 
/n-ultracompact if and only if it is open in each of its Hausdorff 
m-ultracompac tiiications 

Oharac terization 


Iheorem 5 2 A Hausdorff convergence space has smallest Hausdorif 
rt-ultracompactif 1 C ation if and only if S is locally m -ultracompact 
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Proof Lei; a Hausdorff convergence space S have the smallest 
Hausdorff ^T’-ultiacompactification (T', 3 ) and let ( t , 1 ) be 
the one poxnt Hausdorff compactificatron of S !Ehea, (T,i) 

Theorem 1 22, we concluae that (T', 3 ) is a one point w-ultra- 
compactification and hence S is open in T' Another application 
of Theorem 1 22 together with Theoron 1 15, enaoles us to conclude 
that S IS open in each of its w-ultracompactifications 

llext, assuming S to be locally W -ultracompact, we can 
show that the one point compactification (l, 1 ) is tne smallest 
w-ultracompactification of S The proof follows exactly in the 
same line as on the proof of Theorem 2 2 

2 m-uZimaompaottftaatton 

Construction 


let S be a Hausdorff convergence space and pS the set 
of all X for X in S and all non-convergent m-ultrafilxers 
on S If F IS a filter on S, then we define a filter F 
on pS as the one having basis {pIp g F}, where -{K e ps)l e ff} 

We define a convergence structure on PS as follows 

let be a filter on S , then 

pS~converges to x for x in S if and only if <l> ^ ^ 
for seme filter F on S which S— converges to x 
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4) pS-conrerges to v, for non-convergent 

(THultrafilter v on S if and only if 4> ^ v We noto that 

these we can see that pS is a Hausdorff convergence space fo 

show that pS IS w-ultracompact, let <|> be an ultrafilter on 

pS and C denote the set of all PS-closed subsets and 
po 

has m-intersection property Let F = {p ^ 3 1 p c then F 

IS ultrafilter on S e will snow that F is an Dl-ultraf liter 

on S let P e Ff!C , where i e I and ll| ^ m We will 
1 c 

first show that if A is S-closed then A is pS-closed Let if 

be a filter on pS containing X which p S-con verges to some H 

A 

in PS (i) If H = X f for some F S-converging to x 

Ihis implies A O F ^ ^ for every P in F Shis implies 

^ ^ every P in F Let G be a filter on S containing 

A and G > F, then G S-converges to i and hence x belongs 

to OlgA = ^ therefore, H = x e A (n) If H = v for setae v 

in pS-S, then f Lv fhis implies A H P ^ eveiy V 

in V Hence Ati 1 for every P in v, but v is an 

ultrafilter on S, therefore A belongs to v Hence H = v e A 

Sow since P^'s are S-closed P^'s are pS^slosed And 

P 3 _ e ^ by definition of F Hence P^e ^ ^pS 

sfiC e- has m-intersection properly, therefore ^ P 

po 

Let H ej/P^, then ^ e ^ 3 ^ P^ e H for 

each 1 How each W e pS is an m-ultraf liter on S, hence 
n F^ 0 Hence F has m-mtersection property cons tract ann 
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4> ^ f Now F on 5 either S-converges to some x in S or F 
IS a non -convergent w-ultrafilt er on Sj in the first case ^ 
PS-converges to x and in the second case ij) pS-converges to 
F e PS-S let us define a function i from S to PS as 

i(x) = X We note that i( F) = f ii i(s) for filter F on S 

Erom this we can easily see that i is an isomorphism from S to 
PS Further if v s pS-S, then i(v) ^v PS— converges to v 

and contains i(S)j hence i(s) is dense in pS Finally let 
f be a continuous function from S into a regular m~ultracompact 
convergence space T' , then let us define f^ from pS to f 
as follows 

f^(x) = f(x) , for X in S 
f^(v) = Im f(v), for V in pS-S 

We note that if ve pS-5, then 1 m-intersection property 

and V IS a non-convergent ultrafilter on S We will show that 
f(v) IS an w -ultrafilter on T’, then f(v) will T*-converge 
to a unique point, that point is defmed as f^(v) let 

e f('v) (! , 1 e I and |ll Then there exist in 

v such that f(F^) Therefore f ^f(F^) _f ^(A^), that is, 

F^C f f(F^) -f (A^) Now A^’s being T’-closed and f 
continuous from S to T', f ^(a^) are S-closed and also belongs 

to V Hiis implies, 'if ^ ff , therefore ^ Hence 

f(v) is an m ^iltraf liter on T' To see that f^ is continuous 

from pS to T’, let ^ be a filter on pS which is 
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PS-convergent to x , then <j> ^ F for some filter F on G vstaich 
S-converges to x Hence f(F) T' -converges to f(x) Since 
T' IS regular f ( F) T' -converges to f(x) Now since 

f(x) = f^(x) , It IS suifijcient to show that _> Gl^,f(F) 

In case (ji p6-converges to v in PS-S, "v -fie shown above 

f(v) IS a W-ultrafilter on T', hence must converge, let it 
T’ -converges to y, then Cl^,f(v) also T’ -converges to y 
It IS sutficient to show that ('^) ^ Cll^,f(v), because f^(v) = 

Inn f(v) = y Now, let <f> be a filter on PS such Ihat 4> ^ F 
for some filter F on S, then we will show that i 

let P belongs to F , then there exists an in b such that 

P^ r P We will show that f^(P*') " Clj,f(p) let v belongs 

A 

to P^, then V belongs to P, that is, P belongs to v, therefore 
f(p) belongs to f(v) Since f^ (v)= lim f(v), f^Cv) belongs 

to Cl^,f(P) Hence f^ is continuous from pS to T’ Obviously 
f ^ o 1 = f Uniqueness of f ^ follows from Iheorem 1 20 

(pS,i) as largest flausdorff m-ultracompactification 


Iheorem 5 4 ( PS, i) is the largest Hausdorff m-ultracompacti- 

fication of a Hausdorff convergence space S if and only if the 
following two conditions are satisfied 

(a) S IS open in PS 

(b) V = V A i(v), for V in PS-S 
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pS-converges to v Baerefore, *^^P 3 P S-converges to v 

A 

Thxs ojuplies Olpgi(v) Hence if V belongs to v, then there 

exists a T' in V such that Clpgi(y‘) "■ v ?fe will show that 
OlgY' Y Let X belong to ClgY', there exists a lilter F 
on S containing V' which S-convergea to x Kiis implies, 
i(F) P S-converges to i(x) = x and i(v' ) belongs to i( F) 

Hence x belongs to Clpgi(7’ ) <1 V dhat says, x belongp to V 

Therefore, we conclude that ClgV >;_v, hence ClgV = v for each v 
in PS-S 


Open Problems 

(1) Under what conditions will PS become topological for 
!tychonoff space S 

(2) Characterization 0 f convergenc e spaces having largest 
Hausdorff m-ultracompactifacations 

(3) Characterization of convergence spaces having regular 
m-«.ltracompactifications Vtien will xhese spaces have 
largest (smallest) m-ultracompactifications 
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